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Flutter Design Charts for Biaxially Loaded Isotropic Panels
CHARLES P. SHORE*

NASA Langley Research Center, Hampton, Va.

Until recently, correlation between theory and experiment for flutter of panels stressed to the
verge of buckling has not been achieved because of the theoretical prediction of anomalous
zero dynamic pressure flutter points. However, a recent linear flutter analysis (NASA TN
D-4990) which includes hysteretic structural damping on the bending terms of the flutter
equation eliminates the anomalous zero dynamic pressure flutter points and yields good agree-
ment. Thus, it appears that empirical flutter envelopes now used in design, which in many
instances are extremely unconservative, can be replaced by design procedures with a more
rigorous analytical basis. Toward this end, this paper develops and presents design charts
for biaxially loaded isotropic panels on the verge of buckling for typical values of structural
damping. Use of these charts permits conservative panel design for wide ranges of panel
length-width ratio, in-plane stress ratio, and edge rotational restraint.

Nomenclature

A = (a/6)2fe - 2]
a = panel length
b = panel width
c = freestream speed of sound
D = flexural stiffness of isotropic panel
Di = />*/(! - M*M»)
D2 = Dy/(l - MxMy)

Dw = Dxy + tivD1
DXjDy = flexural stiffness of orthotropic panel in x and y direc-

tion, respectively
Dxy = twisting stiffness of orthotropic panel
g — structural damping coefficient
i = (-1)1'2
kx = Nxb*/ir*D
M = Mach number
Nx,Ny = in-plane loading in x and y direction, respectively;

positive in compression
q = dynamic pressure
qx,qy — rotational restraint coefficient on boundary x —

±(o/2) and y = ±(6/2), respectively; a0,/Di,
b0y/D*

t = time
w = latera1 deflection of panel
x,y = Cartesian coordinates of panel
j8 - Compressibility factor (M2 - 1)1/2

7 = panel mass/unit area
p = freestream air density
nx,Hy = Poisson's ratio in x direction and y direction, respec-

tively
6X)0y = rotational spring constant on boundary x = ±(a/2)

and?/ = ±(6/2), respectively

Introduction

RECENT panel flutter investigations1"3 have shown that
theory that adequately accounts for panel edge condi-

tions is in reasonable agreement with flutter results obtained
for isotropic and orthotropic panels subjected to moderate
levels of in-plane stress. However, at stress levels sufficient
to cause buckling, theory indicates that the flutter boundary
is extremely sensitive to variations in panel length-width ratio,
in-plane stress ratio, and edge condition. In fact, the use of
theory that neglects damping results in the prediction of the
physically unreasonable value of zero dynamic pressure re-
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quired for flutter whenever the in-plane load causes the
natural frequencies to coalesce for no airflow. Experimental
results do not exhibit this anomalous behavior but indicate
the flutter q to be a minimum for stressed panels at or near
the transition point, represented by the intersection of the
unbuckled panel boundary with the buckled panel boundary.
Thus, conventional theory is often wholly inadequate for the
critical design region and reliance has been placed on experi-
mentally determined flutter envelopes4'5 for design purposes.
Such envelopes are dependent upon a number of parameters,
many of which are not investigated in any particular study,
and the envelopes are subject to revision as additional experi-
mental data reveal new parameter combinations that lead to
more critical flutter conditions. Because reliance on the en-
velopes involves uncertainties, expensive test programs are
often required to insure that flight hardware have adequate
stiffness to prevent flutter.

Results from a linear flutter analysis presented in Ref. 6
indicate that proper inclusion of hysteretic structural damp-
ing eliminates the anomalous zero dynamic pressure flutter
points and yields good agreement with experiment. Thus,
it appears that the empirical flutter envelopes can now be re-
placed by design procedures with a more rigorous analytical
basis. Toward this end, the present paper presents design
charts developed from the analysis of Ref. 6 for biaxially
loaded isotropic panels on the verge of buckling for typical
values of structural damping. Use of these charts permits
conservative panel designs for wide ranges of panel length-
width ratio, in-plane stress ratio, and edge rotational re-
straint.

Flutter Equation

The flutter analysis presented in Ref. 6 is reviewed in this
section. In the analysis, a flat rectangular orthotropic panel
of length a and width 6 is assumed exposed to supersonic flow
over one surface; the panel is subjected to uniform in-plane
force intensities Nx and Ny which are positive in compression.
The panel configuration, loading condition, and coordinate
system are shown on Fig. 1. The panel edges are as-
sumed to be elastically restrained from rotations by restoring
moments that are of equal magnitude on opposite edges of the
panel and are proportional to the edge angle of rotation. The
lateral deflection w at all edges is assumed to be zero. Un-
equal edge rotations and out-of-plane edge deflections have
been neglected to simplify the problem.

The small-deflection equilibrium equation for motion of an
orthotropic panel in the presence of in-plane cornpressive
loads and supersonic flow with structural damping included
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Fig. 1 Classical theory flutter boundary for simply sup-
ported panels.

Fig. 3 Transition point flutter boundaries for clamped
isotropic panels.

may be written in the following form.7

-f Nu&w/&y* +
2q//3dw/dx + pc&w/dt = 0 (1)

Hysteretic structural damping is introduced in Eq. (1) by the
concept of complex bending stiffnesses through the factor
(1 -f- ig). The last two terms in Eq. (1) are the aerodynamic
lateral loading and the aerodynamic damping terms given by
two-dimensional quasi-steady aerodynamic theory. For finite
rotational restraint and nondeflecting supports, the boundary
conditions are as follows7:

- dzdw/dx = 0 and w = 0 at x = -a/2
+ 6xdw/dx = 0 and w = 0 at x = a/2
- Bydw/dy = 0 and w = 0 at y = -6/2
+ dydw/dy = 0 and w = 0 at y = b/2

(2)

In Ref. 6, a solution to Eq. (I) with boundary conditions
given by Eqs. (2) was obtained by application of the Galerkin
technique. Sufficient terms (as many as 40) were used in the
lateral deflection w to insure convergence of all numerical
results.

Characteristics of Solutions to Flutter Equation
for Stressed Panels

Flutter boundaries obtained from classical flutter theory1

are strongly dependent on such parameters as panel length-
width ratio a/6, inplane load Nx, and panel boundary condi-
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Fig. 2 Comparison of theory and experiment for an iso-
tropic rotationally restrained panel; a/6 = 3.3, NV/NX = 1,

qx*v = 40, and qyav = 12.

tions. Figure 1 shows such a universal boundary for iso-
tropic panels with simply supported edges. The familial-
flutter parameter (2ga*//3D)l/* is shown as a function of A.
The parameter A is a combination of the panel length-width
ratio a/6 and the stream wise in-plane load coefficient kx, where
kx = 4 corresponds to the buckling load for a long simply sup-
ported plate subjected to axial compression. It can be seen
that at applied loads corresponding to kx > 2, A. is positive
and large values of a/6 correspond to values of the abscissa
far to the right. Thus, at certain values of a/6, zero dynamic
pressure is predicted for flutter. It should be noted that the
flutter boundary is independent of Ny', however, Ny in-
fluences the panel buckling point. Thus, Ny influences the
location of the transition point.

Inclusion of aerodynamic and structural damping in the
flutter theory can remove the zero q flutter points. For ex-
ample, Fig. 2 shows experimental and theoretical values of the
flutter parameter, written in terms of the panel width, as a
function of the percent of streamwise buckling load for a ro-
tationally restrained panel with a/6 = 3.3 and Ny/Nx = 1.
The circular symbols in Fig. 2 are experimental flutter points
obtained at Mach 3 and are taken from Ref. 8. The open
symbols are flutter start points with the panel in an un-
buckled condition and the solid points are flutter stop points
when the panel is buckled. The minimum value of the flutter
parameter occurs at the transition point, the intersection of
the unbuckled panel boundary and the buckled panel bound-
ary.

The three theoretical curves of Fig. 2 are based on values of
rotational restraint coefficients determined from vibration
surveys made prior to the flutter tests. A flutter boundary
based on classical theory is shown by the lower solid curve.
The dashed curve is a flutter boundary obtained with both
aerodynamic and structural damping included in the theory
and with structural damping incorporated on the in-plane
loading terms as well as the bending terms of Eq. (1). This
result is shown for completeness because it has been widely
used in flutter calculations9"14; it is in good agreement with
the experimental data at low levels of in-plane stress but pre-
dicts zero q flutter at the transition point. The upper solid
curve obtained from Eq. (1) with structural damping on only
the bending terms, follows the trend of the experimental data
and eliminates the anomaly at the transition point. Beyond
the transition point where small deflection theory is not ade-
quate, the boundary was faired through the experimental data
points. For a more complete discussion of the problems en-
countered by including structural damping on the in-plane
loading terms of the flutter equation, see Refs. 6 and 15.

Because the new calculation agrees well with experimental
data at the transition point, conservative design curves based
on transition point flutter can be established. The details of
constructing these curves are given in the next section.
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Fig. 4 Flutter design chart for simply supported iso-
tropic panels; Ny/NT < 0.5.
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Development of Flutter Design Curves

The procedure for establishing a design curve consisted of
calculating transition point values of the flutter parameter for
various combinations of a/b, Ny/NXj edge rotational restraint,
and structural damping. A series of such curves is shown in
Fig. 3 for panels with clamped edges. The transition point
value of the flutter parameter, in terms of the panel width, is
shown as a function of a/6. Curves are shown for Ny/Nx =
0, 0.25, 0.5, and 1.65 with g = 0.01 and for Ny/Nx = 0 with
g = 0. The curve for Ny/Nx = 0 and zero damping (dash-dot
curve) was obtained from classical theory and illustrates the
extreme sensitivity of the transition point value of the flutter
parameter to variations in a/6 when damping is neglected.
With damping included in the calculations the zero q flutter
points no longer appear, but scallops in the flutter boundary
still occur especially at the lower values of a/6. As a/6 in-
creases for the values of Ny/Nx shown, the scallops in the
flutter parameter become less severe, and beyond a/6 = 3
practically vanish. As Ny/Nx increases, the position of the
first minimum moves to the right until at a value of 1.65 it
occurs at a/6 = °o and the variation in the flutter parameter
becomes monotonic with a/6. For values of Ny/Nx greater
than this limiting value, the transition point is removed from
the region of the zero q flutter points. For this condition
classical theory gives adequate flutter predictions and should
be used for design purposes. The limiting value of Ny/Nx is
a function of the boundary conditions on edges y = ±6/2 and
varies from 0.5 for simply supported edges to 1.65 for fully
clamped edges. Since, in practice, it is difficult to know
either the stress ratio Ny/Nx or the effective a/6 with cer-
tainty, it is reasonable to assume that the most critical com-
binations will occur; thus, the dashed envelope curve through
the minimum points is used to establish design charts. This
is analogous to using a buckling coefficient for flat plates,
which ignors the scallops in the theoretical curve. Thus, in
the region of a/6 slightly greater than 1 to a/6 = 3, design
charts based on the lower envelope could be moderately con-
servative for a specific panel; however, for design, the inabil-

Fig. 6 Flutter design chart for clamped isotropic panels;
NV/NX < 1.65.

ity to determine Ny/Nx with sufficient certainty precludes re-
liance on the extra margin.

Design Charts

Figures 4, 5, and 6 show design curves in terms of (2g6s

/3D)min as a function of a/6 for values of g from 0.01 to 0.05
and for boundary conditions of simple support, a nondimen-
sional elastic restraint coefficient qu = 10 with qx = (a/b)qv.
and clamped. These curves were obtained by the procedure
outlined for Fig. 3 for the values of Ny/Nf which gave the
lowest values of the flutter parameter.

Experimental data obtained from tests of panels which can
be considered as clamped are compared with the design curves
in Fig. 7. The circular symbols are minimum flutter points
for single bay panels with an estimated value of g = 0.01.
Details of the experimental investigations are presented in
Refs. 4, 8, and 1.6-18. The square symbols are minimum
flutter points for multibay panels taken from Refs. 5, 19. and
20 and some unpublished data collected by R. W. Hess in the
Langley Unitary Plan Wind Tunnel. Damping coefficients
were measured by Hess and ranged from g = 0.02 to 0.05.
Open symbols represent panels with Ny/Nx ~ 1 and the solid
symbols represent panels with Ny/Nf « 0.

Several of the data points on Fig. 7 at low values of a/6 fall
well above the design curves. As shown in Fig. 3, at the
smaller values of a/6 the stress ratio can have a significant
effect on the transition point. If this effect is taken into
account, the classical flutter solution without damping is
conservative but reasonably accurate. The dashed curves in
Fig. 7 are transition point values taken directly from Ref. 1
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Fig. 5 Flu tier design eh art for isotropic panels with edge
supports of qy = 10 arid qx = a/b qy\ Ny/Nx < 1.36.

Fig. 7 Comparison of test data with design curves for
clamped panels; Ny/Nx < 1.65. (Numbers adjacent to
test points denote measured value of damping coefficient.)
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Fig. 8 Flutter design chart for panels with a/b > 4.

and are seen to give a conservative prediction for the rapid
decrease in the transition point value of the flutter parameter
exhibited by the experimental panels as a/b increases. The
fact that the data point of a/b = 1 for Ny/Nx « 1 does not
agree very well with the theory can be attributed in part to
inexact knowledge of the value of a/b and Ny/Nx present in
the experimental investigation of Ref. 18. It should be
emphasized at this point for small values of a/b the results of
Ref. 1 should be utilized for design purposes until the pre-
dicted value of the flutter parameter falls below those pre-
dicted by the present design charts. In the region of a/b > 2,
the design curves are in good agreement with the data and
give conservative flutter predictions.

The curves in Figs. 3-6 indicate that for long panels flutter
becomes independent of the panel length and Ny/Nx. Thus,
one set of curves for a range of damping coefficients and rota-
tional restraint coefficients is sufficient for design of long-
panels. This is shown in Fig. 8 where the minimum value of
the flutter parameter is plotted as a function of g with lateral
edge rotational restraint from qy = 0 (simple supports) to qv
= oo (clamped). The curves in Fig. 8 indicate the beneficial
effects of increasing edge rotational restraint and structural
damping and are reasonably accurate for all panels with a/b
greater than 4.

The linear analysis used to develop the design charts cannot
account for the nonlinear effects of large panel deflections,
lateral edge deflections, and differential pressure. Shear edge
loadings were neglected to simplify the analysis; however, for
large values of a/b the flutter parameter is insensitive to bi-
axial stress combinations and will probably remain so with
the inclusion of shear edge loadings. Most of the previous fac-
tors were present to some extent in the experimental data
shown in Fig. 7 and do not appear to greatly influence the
good correlation with theory shown therein. Variation of the
flutter parameter with edge rotational restraint is not large,
such that interpolation to obtain design values of the flutter-
parameter when opposite edges of the panel do not have
equal rotational restraint, is reasonably accurate.

These factors indicate that the design charts can be utilized
with some degree of confidence for typical skin-stringer panel
designs over a wide range of stress and edge support conditions
whenever the panel supports have sufficient stiffness to cause
buckling node lines to occur along the supports.

In order to use the design charts, a value of the structural
damping coefficient g must be reasonably well known. There
has been a large amount of research on the mechanisms,
measurement, and prediction of structural damping in recent
years. Lazan21 summarizes the state-of-the-art for the field
of structural damping and gives the best available techniques
for predicting structural damping coefficients. Values of g
from 0.001 to 0.01 are reported for metallic materials whereas
values up to 0.2 are reported for fabricated structures. How-
ever, adequate flutter predictions require that g be more
closely evaluated. Figure 9 shows the types of panel con-
struction employed in obtaining the experimental data shown
in Fig. 7. The first type represents wind-tunnel research
models and consists of a single bay with rather massive sup-
ports. No damping coefficients were measured but a value of
0.01 appears to correlate the experimental flutter data with

-SUPPORT

g ~ 0.01
WIND TUNNEL MODEL

—DT
STRINGER

g = 0.02 TO 0.05
SHEET-STRINGER CONSTRUCTION

Fig. 9 Values of structural damping coefficient for typical
panel constructions.

the theoretical results shown in Fig. 7. The second type
consists of multibay panels supported by ribs and stringers
and is fairly representative of actual aerospace construction.
The damping coefficients measured by Hess on panels
representative of aerospace construction indicated consider-
able variation between panels and varied for a given panel as
the amount of in-plane stress varied. The values of damping
shown in Fig. 7 were obtained at stresses up to approximately
50% of the buckling stress. A value of g = 0.03 was a typical
measured value for these test panels. However, Ref. 21
points out that factors such as material, thickness, stress level,
type of loading, temperature, and panel construction details
greatly affect the damping coefficient and that care must be
exercised in arriving at a reasonable estimate of g. Initial
panel design should be based on values of g obtained utilizing
the techniques outlined by Lazan.21 Additionally, to insure
adequate flutter margins it would be prudent to construct
representative panels and measure actual levels of g. How-
ever, in the absence of other data g = 0.03 appears to corre-
late flutter results for panels of typical aircraft construction
whereas g = 0.01 appears to be a practical design lower limit.

Concluding Remarks

The anomalous zero g flutter points which have been pre-
dicted by classical theory for panels on the verge of buckling
have been eliminated by inclusion of linear, hysteretic, fre-
quently independent, structural damping on the bending
terms of the flutter equation. This procedure reduces the
sensitivity of the flutter parameter to variations in length-
width ratio a/6, stress ratio Ny/NXJ and boundary conditions,
and gives good agreement with experiment at the transition
point which is usually the most critical flutter point. Results
from the theory enabled construction of flutter design charts
as a function of structural damping. Curves of flutter q vs
a/b with different damping coefficients are presented for three
values of edge rotational restraint. Use of the charts allows
rapid prediction of the minimum flutter q for wide ranges of
a/6, Ny/Nx, and edge rotational restraint for values of struc-
tural damping g = 0.01 to 0.05. A value of g = 0.03 might
be considered a reasonable value for panels typical of present
aircraft construction practice whereas g = 0.01 appears to be
a practical design lower limit.
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